Abstract. We show that the the shift on the reduced C * -algebras of RD-groups, including the free group on infinitely many generators, and the amalgamated free product C * -algebras, enjoys the very strong ergodic property of the convergence to the equilibrium. Namely, the free shift converges, pointwise in the weak topology, to the conditional expectation onto the fixed-point subalgebra. Provided the invariant state is unique, we also show that such an ergodic property cannot be fulfilled by any classical dynamical system, unless it is conjugate to the trivial one-point dynamical system. Mathematics Subject Classification: 37A30, 46L55, 20E06.
introduction
The study of the ergodic properties of quantum dynamical systems has been an impetuos growth in the last years, in view of natural applications to various field of mathematics and physics. It is then of interest to understand among the various ergodic properties, which one survives and/or is meaningful, by passing from the classical to the quantum case. By coming back to the classical case, a very strong ergodic property for the dynamical system (Ω, T ) consisting of a compact Hausdorff space Ω and a homeomorphism T , is the unique ergodicity. This means that there would exist a unique invariant Borel measure µ for T . It is seen that the ergodic average 1 n n−1 k=0 f • T k of any fixed function f , converges uniformly to the constant function f d µ. A pivotal example of a classical uniquely ergodic dynamical system is given by an irrational rotation on the unit circle. In the quantum setting, the unique ergodicity is formulated as follows. Let (A, α) be a C * -dynamical system consisting of the unital C * -algebra A and the automorphism α. Then the unique ergodicity for (A, α) is equivalent (cf. [1] ) to the norm convergence Here, E = ω( · )1 I is the conditional expectation onto the fixed-point subalgebra of α consisting of the constant multiples of the identity, and ω ∈ S(A) is the unique invariant state for α. A natural generalization requires that the the fixed-point subalgebra for α in (1.1) is nontrivial. This property, denoted as the unique ergodicity with respect to the fixed-point subalgebra, has been investigated in [1] . The strict weak mixing was investigated in [4] . This means that lim n→+∞ 1 n n−1 k=0 ϕ(α k (a)) − ϕ(E(a)) = 0 , a ∈ A , for every ϕ ∈ S(A). As before, E is the unique conditional expectation projecting onto the fixed-point subalgebra. Notice that the last mentioned ergodic property is implied (cf. [13] ) by the following norm convergence
provided {n k } k∈N is any subsequence of natural numbers with nonnull lower density.
In the present paper we investigate another very strong ergodic property as follows. We simply require that
for every ϕ ∈ S(A). As for the previous situations concerning ergodicity and weak mixing (cf. Proposition 2.3), the convergence to the equilibrium considered here, is connected to the norm convergence of suitable Cesaro means. Namely, (1.3) is implied by the norm convergence of the means in (1.2), for all the subsequences {n k } k∈N of natural numbers. The property (1.3) of the convergence to the equilibrium is perfectly meaningful in the quantum setting but it has no counterpart in the classical case. Here, there are the main results of the present paper. If a classical system (X, T ) fulfils (1.3) with E(f ) = f d µ, the support of the unique invariant measure µ is a singleton, that is, it is conjugate to the trivial one-point dynamical system. The last result holds true under the additional condition of separability, that is when X is a compact metric space. On the other hand, we can exhibit some interesting examples of E-mixing C * -dynamical system by passing to the quantum case. Indeed, we show that the shifts on the reduced C * -algebras of RD-groups, including the free shift on the free group on infinitely many generators, and the amalgamated free product C * -algebras, enjoy the property of the convergence to the equilibrium (1.3). Such a result was recently extended in [2] to the case of q-commutation relations. Namely, the shift on the C * -algebras generated by the Fock representation of the q-commutation relations has the strong ergodic property (1.3) (denoted as unique mixing when there is only one invariant state for the dynamics), when |q| < 1. Thus, we provide nontrivial examples of uniquely mixing C * -dynamical systems for which the unique invariant state is not faithful (case of the C * -algebra generated by the q-commutation relations), or when it is faithful (case of the C * -algebra generated by the self-adjoint part of the generators of the q-commutation relations for which the restriction of the Fock vacuum is a faithful trace). However, for all these cases, the associated GNS covariant representation is faithful.
terminology, notation and basic results
In the present paper we always deal with unital C * algebras A with the identity 1 I. Let A be a C * -algebra. In view of applications to physical systems with nontrivial superselection structure, it is natural to consider different folia F ⊂ A * . Fix a representation π on the Hilbert space H π , and consider the linear space L 1 (H π ) made of all the trace class operators acting on H π . Define for A ∈ L 1 (H π ), ϕ A (x) := Tr(Aπ(x)), and
* be a set of linear functionals of a C * -algebra A. It is called a folium if it arises as F = F π , for some representation π of A.
For a (discrete) C * -dynamical system we mean a triplet A, α, ω consisting of a unital C * -algebra A, an automorphism α of A, and a state ω ∈ S(A) invariant under the action of α. The pair (A, α) consisting of C * -algebra and an automorphism α as before, is called a C * -dynamical system as well. A classical C * -dynamical system is simply a dynamical system such that A ∼ C(X), C(X) being the Abelian C * -algebra of all the continuous functions on the compact Hausdorff space X. In this situation, α(f ) = f • T for some homeomorphism T : X → X.
A C * -dynamical system A, α is said to be uniquely ergodic if there exists only one state ω invariant for α. A classical C * -dynamical system (C(X), T ) is said to be strictly ergodic, if it is uniquely ergodic and µ(U) > 0 for each open set U ⊂ X, µ being the unique invariant probability measure invariant under T . (C(X), T ) is said to be minimal if {T n x | ν ∈ Z} = X for each x ∈ X. It is said forward topological transitive if {T n x | ν ∈ N} = X for some x ∈ X. Let (X j , A j , µ j , T j ) be measurable dynamical systems consisting for j = 1, 2, of sets X j , σ-algebras A j , probability measures µ j on A j , and finally measurepreserving invertible transformations T j . The last are said to be conjugate if there exist sets A j ∈ A j of full measure such that T j (A j ) = A j , and a one-to-one measure-preserving map S :
Let A, α, ω be a C * -dynamical system and a, b ∈ A. It is said to be ergodic, weakly mixing or mixing if
respectively. Let H ω , π ω , U, Ω be the GNS covariant representation canonically associated to the dynamical system under consideration. It can be straightforwardly seen (see e.g. Proposition 5.2 for a similar situation) that A, α, ω is ergodic, respectively weakly mixing or mixing if and only if
respectively. Let s(ω) be the support of ω in the bidual A * * . Then s(ω) ∈ Z(A * * ) if and only if Ω is also separating for π(A) ′′ , Z(A * * ) being the centre of A * * (see e.g. [9] , Section 10.17). Recall that a conditional expectation E : A → B ⊂ A is a norm-one projection of the C * -algebra A onto a C * -subalgebra B.
Let (A, α) be a C * -dynamical system, and E : A → A a linear map.
Definition 2.1.
(ii) (A, α) is said to be E-weakly mixing if
It can readily seen (cf. [4] ) that the map E is a conditional expectation projecting onto the fixed point subalgebra A α . If E = ω( · )1 I (i.e. when there is a unique invariant state for α), we call the dynamical sistem under consideration uniquely ergodic, uniquely weak mixing or uniquely mixing respectively. By using the Jordan decomposition of bounded linear functionals, one can replace S(A) with A * everywhere in Definition 2.1.
Proof. Let ϕ ∈ S(A).
According to the case of E-ergodicity (cf. [1] ) and E-weak mixing (cf. [13] ), we provide a sufficient condition for the E-mixing concerning the norm convergece of Cesaro means of all the subsequences {α n k } k∈N .
Proposition 2.3. Let (A, α) be a C * -dynamical system. Suppose that there exists a conditional expectation E : A → A α of A onto the fixed-point subalgebra A α , such that
for each x ∈ A satisfying E(x) = 0, and for each sequence 0 ≤ n 1 < n 2 < · · · < n k < · · · of increasing natural numbers. Then (A, α) is E-mixing.
Proof. Suppose that (2.5) holds true for each sequence 0 ≤ n 1 < n 2 < · · · < n k < · · · of increasing natural numbers and for each x ∈ A satisfying E(x) = 0, but (A, α) is not E-mixing. Then there should exists a norm one functional ϕ ∈ A * and an element x ∈ A with E-vanishing expectation, such that ϕ(α n (x)) does not vanish when n → +∞. By passing to subsequences and modifying ϕ by a phase-factor, we can suppose that Re(ϕ(α
which contradicts (2.5). We then conclude that lim n→+∞ ϕ(α n (x)) = 0 for each x with E-vanishing expectation. The result follows as a ∈ A can be written as a = (a − E(a)) + E(a) with E(a) ∈ A α .
strong mixing of the free shifts
The present section is devoted to prove that some quantum dynamical systems enjoy the very strong ergodic property of E-mixing, E being the conditional expectation on the fixed point subalgebra. The examples under considerations are the free shift on the reduced amalgamated free product C * -algebra, and lenght-preserving automorphisms of the reduced C * -algebra of RD-group for the lenght-function, the latter including the free shift on the free group on infinitely many generators.
Let D be a unital C * -algebra with identity 1 I, and E D B : D → B a conditional expectation onto the unital C * -subalgebra B with the same identity 1 I. For each integer i ∈ Z, consider a copy (A i , E i ) of (D, E D B ), together with the reduced amalgamated free product
The C * -algebra A naturally acts on a Hilbert right B-module E and it is generated by λ i a : a ∈ A i , i ∈ Z , λ i being the embedding of A i in B B (E), the space of all the bounded B-linear maps acting on E. The conditional expectation E is given by
· , · being the B-valued inner product of E which is supposed be linear w.r.t. the first variable. We refer the reader to [1] and the references cited therein, for further details.
The free-shift automorphism α on A is the automorphism of A given by
for all a ∈ A and i ∈ Z. Theorem 3.1. Let α be the free-shift automorphism on the reduced amalgamated free product C * -algebra A given in (3.1). Then α is E-mixing.
Proof. Fix a ∈ A of the form a = w for a word w = λ m(1)
Let us take any increasing sequence {k j } j∈N ⊂ N. Define
Notice that
. Thus, we can apply the estimation in Proposition 5.1 of [1] to the element
It was proven in [1] that α is E-uniquely ergodic. This implies that
for every a ∈ A. By a standard density argument, (3.2) implies that, if a ∈ A fulfils E(a) = 0, then
The proof is now complete by taking into account Proposition 2.3.
The other examples considered here are the free shifts on the reduced C * -algebra on RD-groups (cf. [7] ). Theorem 3.2. Let β be a lenght-preserving automorphism of a RD-group G for the lenght-function L, such that its orbits are infinite or singletons. Then the automorphism α induced by β on C * r (G) is E-mixing. Proof. Let H := {g ∈ G : β(g) = g}. As α is E-uniquely ergodic (cf. [1] , Proposition 3.5), the pointwise limit in norm 
for each sequence {k j } of natural numbers, and β(g) = g.
Finally, we report the case of the automorphism generated by the shift on the free group on infinitely many generators. The shift on the generators is defined as β :
Corollary 3.3. Let F ∞ be the free group on infinitely many generators {g i } i∈Z . Then the automorphism α induced on C * r (F ∞ ) by the free shift on the generators is E-mixing with E = τ ( · )1 I, τ being the canonical trace on C * r (F ∞ ). Proof. By taking into account the Haagerup inequality (cf. [5] , Lemma 1.4), we reduce the matter to a particular case of both Theorem 3.1 and Theorem 3.2.
the case of classical dynamical systems
Let (A, α) be a C * -dynamical system. Consider E-ergodicity, E-weak mixing and E-mixing listed before. When there exists only one invariant state ω for α (i.e. when E = ω( · )1 I), the last can be considered as the topological analogous of measure theoretic ergodicity, weakly mixing and mixing, respectively. It is known that the irrational rotations on the circle satisfy (i) but not (ii) in Definition 2.1. However, at least for the separable case, we will show that it is impossible to exhibit a classical dynamical system satisfying (iii) in Definition 2.1, unless it is conjugate to the trivial one-point dynamical system.
In the present section we restrict our analysis to compact metric spaces. To have an idea of what happens in the classical situation, we discuss the following example suggested by D. Kerr. We start with the one-point compactification Z ∞ of Z. The shift α(f )(x) = f (x + 1) extends to an automorphism of C(Z ∞ ), and the measure defined by the evaluation at infinity
is invariant for α. The dynamical system under consideration satisfies (2.4), but it is not strictly ergodic. However, it is conjugate to the trivial one-point dynamical system. We prove that all the classical dynamical system satisfying (2.4), arise essentially in this way, up to conjugacy. 1 We start with the following preparatory result.
Lemma 4.1. Let (X, T ) be strictly ergodic. Then there exists some x 0 ∈ X and a subsequence {n x (k)} k∈N such that lim
Proof. Let d be a fixed metric on X. We can restrict the matter to the case |X| = +∞, the result being trivial for finite X. Then X is a perfect set, otherwise it would be finite. The dynamical system (X, T ) is minimal (cf. [12] ). Thus, it is forward topological transitive, see e.g. [11] , Theorem 5.10 by taking account the remark after Theorem 5.6. Then there exists a forward dense orbit {T n x 0 | n ∈ N} for some x 0 ∈ X. Fix x ∈ X. We can find a function f x : N → N such that
Notice that the range of f x cannot be finite. Indeed, if |f x | < +∞, there would exist infinitely many l, say {l k } k∈N , such that for some integer n 0 ,
As the sequence {f x (l)} l∈N of natural numbers has +∞ as a cluster point, there exists a subsequence, defined as n x (k) := f x (l k ), such that lim
Theorem 4.2. Let X be a compact metric space, and T : X → X a homeomorphism. Suppose that (X, T ) satisfies (2.4), with µ the unique invariant probability measure under T and E(f ) = f d µ.
Then (X, T ) is conjugate to the trivial one-point dynamical system.
Proof. Consider the support supp(µ) of the unique invariant measure for the trasformation T . It is well-known that supp(µ) is a closed invariant set for T . Then the resulting dynamical system supp(µ), T ⌈ supp(µ) is strictly ergodic by construction. By Lemma 4.1, there exists x 0 ∈ supp(µ), and a subsequence {n x (k)} k∈N depending on x ∈ supp(µ), such that lim
supp(µ), and consider f ∈ C(supp(µ)). Then thanks to (2.4),
This means that
According to the Jewett-Krieger theorem (cf. [7, 8] ), it is possible to construct a huge class of uniquely ergodic classical dynamical systems. It is still unclear if the Jewett-Krieger theorem can be established in the weak mixing situation. However, by Theorem 4.2, the analogous of the Jewett-Krieger theorem cannot be carried out for the mixing situation. Proof. Theorem 4.2 implies that if (X, A, µ, T ) is conjugate to a uniquely mixing one, then it is conjugate to the trivial one-point dynamical system as well.
more on dynamical systems
At the light of the previous results, it is natural to address some ergodic properties which are suitable for applications to quantum physics.
Let (A, α) be a C * -dynamical system, and ω ∈ S(A). Consider for a, b, c ∈ A, the following properties 
for each a, b ∈ A, respectively. Properties (5.1), (5.2), (5.3) imply ergodicity, weak mixing or mixing for the dynamical system (A, α, ω), respectively. It is expected that the former are stronger then the latter. However we discuss relevant situations for which we have the equivalence between the corresponding properties.
We start by saying that the C * dynamical system (A, α, ω) is asymptotically Abelian if lim
where [a, b] ≡ ab − ba stands for the commutator. The following result is more or less known to the experts. We report it for the sake of completeness. Proof. Let the C * dynamical system (A, α, ω) be asymptotically Abelian, and set Γ n := ω(b[α n (a), c]). By asymptotic Abelianess Γ n −→ 0, and
as well. Thanks to this, we get for example,
by weak mixing. The other equivalences follow analogously. Let now (H ω , π ω , Ω, U) be the GNS covariant representation for (A, α, ω). Suppose that the C * dynamical system (A, α, ω) is ergodic, weakly mixing or mixing. Then it satisfies (2.1), (2.2), (2.3) respectively. As the remaining assertion follow analogously, we restrict ourselves to mixing situation. Let T ∈ π ω (A) ′ . We have
As the support of ω is central in A * * , Ω is cyclic for π ω (A) ′ too. Then (5.4) leads to
for generic ξ ∈ H ω . The assertion follows by computing (5.5) with ξ = π ω (c)Ω.
We start with various convergences to the equilibrium in a fixed folium. These are intermediate situations between ergodicity, weak mixing and mixing (i.e. when one considers the folium generated by a fixed invariant state), and unique ergodicity, unique weak mixing and unique mixing (i.e. if one considers the universal folium A * in the case when the invariant state is unique). Let (A, α) be a C * -dynamical system, F ⊂ A * a folium, and ω ∈ S(A) a state. We say that (A, α) is (F , ω)-ergodic, (F , ω)-weakly mixing or (F , ω)-
holds true for each x ∈ A, ϕ ∈ F respectively. Proposition 5.2. Let (A, α, ω) be a C * -dynamical system. Then (F πω , ω)-ergodicity, (F πω , ω)-weak mixing or (F πω , ω)-mixing are equivalent to (5.1), (5.2), (5.3), respectively.
Proof. We have only to show that each of the latter properties implies the corresponding one in the former list. We restrict ourselves to weak mixing, as the remaining ones follow analogously. Let ϕ ∈ F πω and x ∈ A. Then there exists
. . , L, and finally fix a ∈ A with a ≤ 1. It is straightforward to check that
which goes to zero as ǫ is arbitrary.
Notice that, the (A * , ω)-ergodicity, (A * , ω)-weak mixing, or (A * , ω)-mixing mean by definition, unique ergodicity, unique weak mixing and unique mixing respectively, ω being the unique invariant state. The (F πω , ω)-ergodicity, (F πω , ω)-weak mixing or (F πω , ω)-mixing are nothing but, the natural generalizations suitable for physical applications (cf. Proposition 5.1), of the standard ergodicity, weak mixing and mixing respectively, for the dynamical system (A, α, ω). It is easy to show that ω is invariant, but not necessarily ω ∈ F . In addition, it is unknown if the forward ergodic properties as those listed above, do imply the corresponding ones for the backward dynamics. However, we have Proposition 5.3. Let (A, α) be a C * -dynamical system. It would be interesting to construct a C * -dynamical system (A, α) which is uniquely weakly mixing or uniquely mixing, such that (A, α −1 ) is not, provided the such a dynamical system would exist. This is not the case of the free shift on the free group. Proof. Let the g k be the k-generator of F ∞ , and θλ g k := λ g −k he "time reversal" symmetry.
3 Such an automorphism θ fulfils θ 2 = id, θα = α −1 θ, τ • θ = τ . We get for x ∈ C * r (F ∞ ), ϕ ∈ C * r (F ∞ ) * , ϕ(α −n (x)) = (θ * ϕ)(θα −n (x)) = (θ * ϕ)(α n (θx)) −→ (θ * ϕ)(1 I)(θ * τ )(x) = ϕ(1 I)τ (x) .
